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^■y Abstract. We characterize two of the most studied non- uniform hyper- 

03 \ bolicity conditions for rational maps, semi-hyperbolicity and the topo- 

logical Collet-Eckmann condition, in terms of the maximal entropy mea- 
sure. 

Using the same tools in the proof of these results we give an exten- 
sion of a result of Carleson, Jones and Yoccoz, that semi-hyperbolicity 
characterizes those polynomial maps whose basin of attraction of infin- 
rf\ ' ■ ity is a John domain, to rational maps having a completely invariant 

>»v ■ attracting basin. 

rd 

1. Introduction 

Two of the most studied non-uniform hyper bolicity conditions for complex 
rational maps can be formulated in topological terms. The first is "semi- 
hyperbolicity" , that was introduced by Carleson, Jones and Yoccoz to char- 
acterize those complex polynomials whose basin of attraction of infinity is a 
John domain, see |C JY94] . The second is the "Topological Collet-Eckmann" 
condition, that was introduced in the context of rational maps by Przytycki 
and Rohde in [PR98]. Graczyk and Smirnov JGS98J and Przytycki [PrzOO] 
~p^ ' showed that this condition characterizes those polynomials whose basin of 

attraction of infinity is a Holder domain. 

In this paper we characterize each of these conditions in terms of the 
maximal entropy measure. Recall that each rational map of degree at least 
two possesses a unique invariant probability measure of maximal entropy and 
that this measure is supported on the Julia set of the rational map [FLM83, 
IMafi83t Lju83| . For a polynomial, the maximal entropy measure coincides 
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with the harmonic measure of its Julia set. 

To state our main results, let / be a rational map of degree at least two 
and fix a small radius r > 0. For a point x in the Riemann sphere C and an 
integer m > 1 we define the semi-local degree of f m at x as follows. Let W 
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be the connected component of f~ m (B(f m (x),r)) containing x. Then f m : 
W — > B(f m (x),r) is a ramified covering and the semi-local degree of f m 
at x is by definition the degree of this map. 

The rational map / is said to be semi-hyperbolic, if for a sufficiently 
small r > there is a constant D > 1, such that for each integer m>\ the 
semi-local degree of f m at each point of J(f) is less than or equal to D. 

Recently, Hai'ssinsky and Pilgrim showed that the measure of maximal 
entropy of a semi-hyperbolic rational map is doubling on the Julia set, 
see [HP06J Proposition 4.2.9]. Recall that a Borel measure p on a met- 
ric space (X, dist) is said to be doubling, if there are constants C* > and 
r* > such that for each x £ X and r £ (0, r*) we have 

p(B{x,2r)) <C*p{B(x,r)). 

Our first result is that in fact this property of the maximal entropy measure 
characterizes semi-hyperbolicity. 

Theorem A. A complex rational map of degree at least two is semi-hyperbolic 
if and only if its maximal entropy measure is doubling on the Julia set. 

Combining this result with the main result of [CJY94] . we obtain that if 
a John domain is the basin of attraction of infinity of a complex polynomial, 
then its harmonic measure is doubling on the boundary. This result should 
be compared with a result of Kim and Langmeyer |KL98l Theorem 2.3], 
that a bounded Jordan domain is a John domain if and only if its harmonic 
measure is doubling on the boundary. Note however that there are pla- 
nar simply-connected John domains for which the harmonic measure is not 
doubling on the boundary [B V96j . 

A rational map / satisfies the Topological Collet- Eckmann (TCE) con- 
dition, if for some r > there are constants D > 1 and 9 € (0, 1) such 
that the following property holds. For each x £ J(f) the set G x of those 
integers m > 1 for which the semi-local degree of f m at x is less than or 
equal to D satisfies, 

liminf-#(G a: n{l,...,n}) > 6. 

n— >+oo n 

Clearly, every semi-hyperbolic rational map satisfies the TCE condition. 

Theorem B. Let f be a complex rational map of degree at least two and 
let pj be the maximal entropy measure of f. Then f satisfies the TCE 
condition if and only if there are constants r^ > 0, a > and C > such 
that for all x E J(f) and r € (0, ro) we have 

p f (B(x,r)) >Cr a . 

This result adds yet another characterization of the TCE condition to 
those given in |PRLS03| . See also [PRL07| Corollary 1.1]. 

We determine the optimal constant a appearing in the statement of this 
theorem, see Remark HI 
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1.1. Semi-hyperbolicity and John domains. Our final result is an ex- 
tension to rational maps of the result of Carleson, Jones and Yoccoz for 
polynomials. It is not directly related to the previous results, but we have 
included it here as its proof uses some of the tools developed to prove The- 
orem El Note that for a polynomial the basin of attraction of infinity is 
completely invariant. 

Theorem C. Let f be a rational map of degree at least two having a com- 
pletely invariant attracting basin A. Then A is a John domain if and only 
if f is semi-hyperbolic. 

There are simple examples showing that the hypothesis that the com- 
pletely invariant Fatou component A is an attracting basin is necessary, 
see gfll 

One of the implications of this theorem is given by an extension of one of 
the results of Carleson, Jones and Yoccoz, shown by Mihalache in [Mih08] : 
each Fatou component of a semi-hyperbolic rational map is a John domain, 
see also |Yin99| for the case of connected Julia sets. See §1.21 for several 
examples of rational maps showing that the converse of this last result does 
not hold in general. 

To prove the reverse implication we use the (straightforward) fact that 
every John domain is porous. Recall that a subset J of C is porous if there 
is £ € (0, 1) such that the following property holds: for each sufficiently 
small r > and each a; € J there is y £ B(x,r) such that the ball B(y,£r) 
is disjoint from J. The key step in the proof is to show that if A is porous, 
then there are no recurrent critical points in the Julia set (Lemma [6]). Then 
we conclude using the extension to rational maps of one of the results of 
Carleson, Jones and Yoccoz |C JY94] . given by Yin in [Yin99| : a rational map 
is semi-hyperbolic if and only if it has neither parabolic periodic points nor 
recurrent critical points in the Julia set. An important preliminary step in 
the proof of Theorem [C] is to show that the map satisfies the TCE condition. 
This follows from the fact that each John domain is a Holder domain and 
from results in [GS981 IPRLS03] , In fact we show the following stronger 
version of Theorem O A is a Holder domain with a porous boundary if and 
only if / is semi-hyperbolic. 

We end the introduction with a question, formulated with the intent 
of understanding further the connection between the geometry of Julia 
sets and the non-uniform expansion of the corresponding maps. As re- 
marked above the Julia set of a semi-hyperbolic polynomial is porous. How- 
ever, there are polynomials having a porous Julia set that are not semi- 
hyperbolic. See [PTJQl, YinOOj for an example with a parabolic periodic 
point and [McM98, Theorem 4.1] for one with a Siegel disk. 

It would be interesting to know if the following variant of porosity charac- 
terizes semi-hyperbolicity. We say that a subset K of C is boundary porous 
if there is a constant £ £ (0, 1) such that for each sufficiently small r > 
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and each x € dK there is y G B(x,r) such that the ball B(y,£r) is disjoint 
from K. 

Question 1. Let f be a polynomial whose filled-in Julia set is boundary 
porous. Is f semi-hyperbolic? 

1.2. Notes and references. Each doubling measure satisfies the property 
described in Theorem [Bl see Lemma [TJ An analogous upper bound holds 
for the maximal entropy measure of each rational map /: there are C > 0, 
a' > such that for all x € J(f) and r > we have 

p f (B(x,r))<C'r a ', 

see for example [PUZ911 Lemma 4]. 

See |HP06I Theorem 4.2.3, Theorem 4.2.8] and [LM971 Theorem 8.1] for 
other characterizations of semi-hyperbolic rational maps and [BV96] for a 
refinement of the result of Carleson, Jones and Yoccoz. Mihalache showed 
in |Mih08| that each Fatou component of a semi-hyperbolic rational map is 
a John domain with a uniform constant, see also |Yin991 Theorem 1.2] for 
the case where the Julia set is connected. 

There are several examples showing the converse of this last result does 
not hold in general. Perhaps the simplest is the rational map R(z) = - — z. 
It is not semi-hyperbolic because z = oo is a parabolic fixed point of R. On 
the other hand the Fatou set of R consists of the upper and lower half-plane, 
both of which are John domains in C. Since each of these components is 
completely invariant by R, this example also shows that in Theorem ICl the 
hypothesis that the completely invariant Fatou component A is an attracting 
basin is necessary. There are similar examples of any given degree, see for 
example [Yin99| . 

Another interesting example, pointed out in [Mih08j, is given by the mat- 
ing of quadratic polynomials with a Siegel disk, that was studied by Yampol- 
sky and Zakeri in JYZOlj. In fact, this rational map is not semi-hyperbolic 
as it has a Siegel disk and yet each of its Fatou components is a quasi-disk 
and hence a John domain. 

To give a different class of examples we consider the following direct con- 
sequence of the results of Roesch in [Roe08] , see $5] for the proof. 

Fact 1. Let N be a twice renormalizable Newton method of a cubic polyno- 
mial with simple roots. Suppose furthermore that N has no parabolic periodic 
points or Siegel disks. Then the Fatou components of N are quasi-disks with 
a uniform constant. 

A direct consequence of this fact is that the Fatou components of N are 
John domains with a uniform constant. Notice that the rational map N can 
be chosen so as to have a Cremer periodic point or to have no neutral cycles 
and a recurrent critical point in the Julia set. 

1.3. Acknowledgements. The main ideas of this paper came to the au- 
thor after several discussions with Peter Hai'ssinsky and Kevin Pilgrim on 
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their recent monograph [HP 06] . I thank both of them for those stimulating 
conversations and for their useful comments and corrections to an earlier 
version of this paper. Nicolae Mihalache read an earlier version very care- 
fully and made several corrections. Several discussions with him and with 
Feliks Przytycki and Mariusz Urbanski were useful. My gratitude goes to 
all of them. 
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2. Preliminaries 

We endow C with the spherical metric, that we denote by dist. Unless 
otherwise stated, distances, balls, diameters and derivatives, will be all taken 
with respect to the spherical metric. 

Given a rational map /, an integer m > 1 and a subset V of C, a connected 
component of f~ m (V) will be called a pull-back of V by f m . 

2.1. Critical points. Given a complex rational map / we denote by Crit(/) 
the set of critical points of / and by Crit'(/) the set of those critical points 
of / which are in the Julia set. We will say that / has critical connections 
if there is an integer n > 1 such that / n (Crit'(/)) n Crit'(/) / 0. We will 
say that a critical point c E Crit'(/) is exposed, if for each integer n > 1 we 
have/ n (c) f Crit(/). 

We denote by i max {f) the maximal local degree of / at a critical point 
in J(f) and put 

Lax(/) := max{Cax(/ n ) : n > 1}. 

Note that CT X (/) < 2 2de s(/)~ 2 and that C(/) = W/) ^ the case 
where / does not have critical connections. 

2.2. Maximal entropy measure. As noted before, each rational map / 
of degree at least two has a unique measure of maximal entropy. We will 
denote this measure by pf. The topological support of pj is equal to J(f) 
and the Jacobian of pf is constant equal to deg(/). We will use several times 
the following property of pf. 

Fact 2. Let f be a rational map and let pf be its maximal entropy measure. 
Let V be an open and connected subset of C, let m > 1 be an integer and 
let W be a pull-back ofV by f m . Lf we denote by D the degree of f m : W — >• 
V, then 

Pf (W) = Ddeg(f)- m p f (V). 

This property is a direct consequence of the fact that the Jacobian of pf 
is constant equal to deg(/) and of the fact that pf does not charge points. 
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2.3. Doubling measures. We will use the following property of doubling 
measures. 

Lemma 1. Let (X,d) be a compact metric space and let p be a doubling 
measure on X. Then there are constants C > and a > such that for 
each sufficiently small r > and each x G X we have 

p(B(x,r)) >Cr a . 

Proof. Let r* > and C* > be constants associated to the doubling prop- 
erty of p and let e > be such that for each x £ X we have p(B(x, r*/2)) > e. 
Given r G (0, r*), let n > be the unique integer such that 2 n r < r* < 2 n+1 r. 
Then 

p(B(x,r)) > CZ n p(B(x,2 n r)) > C; n e. 
This shows the desired assertion with a = In C*/ In 2 and C = r~ a e. □ 

A compact subset J of the Riemann sphere is uniformly perfect, if there 
are fj > 1 and f > such that for each x € «/(/) and each r G (0, f) the 
annulus B(x,fjr) \B(x,r) intersects J. 

Lemma 2. Let J be a uniformly perfect compact subset ofC and p a doubling 
measure supported on J. Then the following properties hold. 

1. There are rjo > 1, £q € (0, 1) and r$ > such that for each r G (0, ro) 
and x £ J we have 

p(B(x, 7] r) \ B(x, r)) > e p(B(x, r)). 

2. There are n\ > 1 and ri > sttc/i t/iat /or eac/i r G (0, n) and x G J 
«;e /tawe 

p(B(x,rjir)) > 2p(B(x,r)). 

Proof. 

1. Let C* > and r» > be the constants associated to the doubling 
property of p and let fj > 1 and f > be the constants associated to the 
uniform perfectness of J. Let n > 1 be a sufficiently large integer such 
that 2 n > 2(77 + 1). 

Given x G J and r G (0,min{2 _n r ;(i , 2~ 1 f}), let x' G B(x,2fjr) \B(x,2r) 
be in J. Since p is doubling on J we have 

p(B(x', 2(r) + l)r)) < p(B(x', 2 n r)) < Cl l p(B(x', r)). 

As B(x,r) C 7?(x / ,2(??+l)r), we conclude that p(B(x',r)) > C~ n p(B(x,r)). 
On the other hand, using that x' G B(x, 2r)r) \ B(x, 2r) we have 

B(x', r) C B(x, (2r? + l)r) \ S(x, r) 

and hence 

p(B(x, (2r? + l)r) \ B(x, r)) > C- n p(B(x, r)). 

This shows that the desired property holds with 770 = 27} + 1, £0 = C*T n 
and ro = min{2 _n r*,2 _1 f}. 
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2. Let 7/0 > 1, £o € (0, 1) and ro > be given by part 1 and let n > 1 be a 
sufficiently large integer such that (1 + eo) n > 2. Using part 1 inductively, 
we obtain that for each r E (0,r/Q~ n ro), 

p(B(x,rJ8r)) > (l + e ) n p(B(x,r))>2p(B(x,r)). 

This shows the desired property with r\\ = t/q and n = n^r^. D 

2.4. Distortion lemma. The following geometric lemma is a direct conse- 
quence of Koebe distortion theorem. We omit the proof. 

Lemma 3. Given R > r > put 

A(r,R) :={2GC:r<|z[< R}. 

Then there are constants M > 1 and 5 > such that for each univalent map 

ip : ,4(1,8) ->C, 

satisfying diam(</3(.A(l,8))) < (5 and for each x enclosed by the image of <p, 
we have 

sup{dist(a,y) :i/gy(A(2,4))} <M 

inf{dist(x,y):y e y>(,4(2,4))} " 
3. TCE CONDITION 

This section is devoted to the proof of Theorem |Bj We will use the fact 
that the TCE condition is characterized by each of the following conditions, 
see [PRLS03J. Let / be a rational map of degree at least two. 

Exponential shrinking of components (ESC). There 
are ro > and A > 1 such that for each x € J(f) and each in- 
teger m > 1, each connected component W of f~ m (B(x,r)) 
satisfies 

diam(l^) < \- m . 

Recall that given an integer n > 1, a periodic point p of period n of / is 

repelling if \(f n )'(p)\ > 1- 

Uniform hyperbolicity on periodic orbits. There is A > 
1 such that for each integer n > 1 and each repelling periodic 
point p of period n we have \{f n )'{p)\ > A". 

Proof of Theorem O Let / be a rational map satisfying the TCE condi- 
tion and let ro > and A > 1 be the constants given by the ESC con- 
dition. Let e > be sufficiently small so that for every x € J(/) we 
have pf(B(x,ro)) > e. 

Let x £ </(/) and r £ (0, 1) be given and let n > 1 be the integer such 
that A~ n < f < A~( n_1 ). Let W be the connected component of f~ n (B (f n (x), ro)) 
containing x and let D > 1 be the degree of /" : W — > B(f n (x),ro). Then, 
by Fact [2] we have 

p f {W) = Ddeg(f)- n Pf (B(r(x),r )) > edeg(f)- n . 
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By the ESC condition it follows that diam(W) < X~ n , so W C B(x,r). 
Thus, if we put a := n ^ and C := e\~~ a , then 

Pf (B(x,r)) > edeg(fr n = e(A"T > C9°. 

This shows the desired property of pf. 

Suppose now that / is a rational map for which there are constants r$ > 0, 
a > and C > 0, such that for each x £ «/(/) and each r € (0, r ) we have 

p f (B(x,r)) >Cr a . 

We will show that / is uniformly hyperbolic on periodic orbits. As remarked 
above, this implies that / satisfies the TCE condition. Let n > 1 be an 
integer and let p be a repelling periodic point of / of period n. Then there 
is a local inverse 92 of f n which is defined on a neighborhood of p and 
which fixes p. Furthermore, if r\ > is sufficiently small, then <p is defined 
on B(x, r\) and there is a constant C\ > such that for each k > 1 we have 

B^c^n'ip^-^a^iBip.n)). 

By Fact [2] we have 

degC/r^p/Cflfori)) = pf(cp k (B(p, ri ))) 

> p/CBfaCiKn'fcOi-*)) > cK7f|CT)'(p)r fca . 

Since this holds for every integer k > 1, it follows that |(/ n )'(p)| > deg(/) n / a . 
This shows that / is uniformly hyperbolic on periodic orbits with con- 
stant A = deg(/) 1 / Q . □ 

Remark 4. For a rational map / satisfying the TCE condition we will now 
determine the optimal constant a in Theorem |Bj For each integer n > 1 
and each periodic point p of period n, put 

X (p) = -ln|(f)'(p)|, 
n 

and 

Xper := inf{x(p) : P repelling periodic point of /}. 
Then, in [PRLS03J it is shown that ESC holds for each A G (l,exp(x P er))- 

Thus, the proof of Theorem IBI gives that if a is a constant for which the 
conclusion of this theorem holds, then a > lndeg(/)/x pC r- On the other 
hand, we proved that the conclusion of Theorem [B] holds for each a > 
lndeg(/)/x per - 

4. Semi-hyperbolicity 

This section is devoted to the proof of Theorem |A} The proof is based on 
Lemma [5] below and makes use of the fact that a rational map satisfying the 
TCE condition has arbitrarily small "nice couples", as shown in [PRL07]. 
We will also use the fact that a rational map is semi-hyperbolic if and only 
if it has neither parabolic periodic points nor recurrent critical points in the 
Julia set. This was shown by Carleson, Jones and Yoccoz in [CJY94] for 
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polynomials and then it was extended to rational maps by Yin in |Yin99[ 
Theorem 1.1]. 

Throughout all this section we fix a complex rational map / of degree at 
least two. 

An open neighborhood V of Crit (/) that is disjoint from the forward 
orbit of critical points not in </(/) is called a nice set for f, if for each 
integer n > 1 we have f n {dV) D V = and if each connected component 
of V is simply-connected and contains precisely one element of Crit'(/). 
We say that a pair of nice sets (V, V) is a nice couple for f, if V C V 
and if for each integer n > 1 we have f n {dV) n V = 0. We will say that 
a nice couple (V, V) for / is small, if there is a small r > such that 
V C B(Crit'(/),r). Given topological disks U, U C C such that U C U, 
we define mod(U; U) as the supremum of the modulus of those annuli that 
separate U and C\U. If / is a rational map and if (V, V) is a nice couple 
for /, then we define the modulus of (V, V) as 

mod(y; V) := min{mod(y c ; V c ) : c G Crit'(/)}. 

In the proof of Theorem \E\ we will use the fact that a rational map sat- 
isfying the TCE condition has arbitrarily small nice couples of arbitrarily 
large modulus, see [PRL071 Proposition 4.2]. 

Lemma 5. Let f be a rational map of degree at least two having arbitrarily 
small nice couples of arbitrarily large modulus. Then for each recurrent 
critical point c$ in J{f), K G (0,1), N > 2 and each r* > there is c G 
Crit'(/), r G (0, r*) and an integer m > 1, such that f m {co) G B(c,r) and 
such that the pull-back U (resp. U) of B(c,r) (resp. B(c,nr)) containing cq 
satisfies the following properties. 

1. diam(C7) < r*. 

2. The degree of f m on U and the degree of f m on U are the same. 

3. The set A := U \U is an annulus and the map 



f m :A^B{c,r)\B{c,Kr) 

is a covering map whose degree is at least N and at most £ m ax.(f)N. 

To prove this lemma we will make the following definition. Let / be 
a rational map of degree at least two and let ^ be a subset of Crit'(/). 
We will say that an open neighborhood V of ff which is disjoint from the 
forward orbits of the critical points which are not in J(f) is a nice set for f 
relative to "«f, if for each integer n > 1 we have f n (dV) n V = 0, and if 
each connected component of V is simply-connected and contains precisely 
one element of c rf. Notice that a nice set for / is a nice set for / relative 
to Crit'(/). Given nice sets V and V for / relative to *€ satisfying V C V, 
we will say that (V, V) is a nice couple for f relative to ^, if for each 
integer n > 1 we have f n (dV) n V = 0. 
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Proof of Lemma\^ If / has critical connections, then by replacing Co by a 
critical point in its forward orbit if necessary, we assume that cq is exposed. 
Let %) be the set of all those critical points of / in J(f) whose forward orbit 
accumulates on c$. Note that for each c G Crit(/) \ % the w-limit set of c 
is disjoint from *^b- Thus there is r$ > such that if for some c G Crit(/) 
and some integer n > 1 we have f n (c) G -B(^b; r o)) then c G ^o- 

Fix a periodic orbit O of period at least two of /, disjoint from Crit'(/). 
Let mo > be sufficiently large so that the following property holds. If W C 
C is a topological disk disjoint from O and if K C W is a compact set such 
that W \ K is an annulus of modulus at least mo, then d\aia{K) < r* and 
for each x G K there is r G (0, r*) such that K C B(x, nr) and B(x, r) C IV, 
see for example [McM94, Proposition 2.1]. 

Let n > 1 be sufficiently large integer such that 2™ > N and fix a suffi- 
ciently small nice couple (V, V) such that V is disjoint from 0, contained 
in S(Crit'(/),ro) and such that mod(V; V) > 3£ max (/) n mo. Note that each 
pull-back W of V is disjoint form O. Furthermore, if for some integer m > 1 
and c G Crit(/) we have / m (c) G -B(^o,?"o), then c G %. 
1. Let ^Q be the set of those exposed critical points in ^o- We have Co G ^. 
We will construct by induction a sequence of nice couples ((V n , V n )) n >Q 
for / relative to "^g, as follows. For each ce?Q denote by Vq (resp. Vq c ) the 
connected component of V (resp. V) containing c and put 



Vb := (J % and Vb := (J ^ 



Clearly (Vb, Vb) is a nice couple for / relative to ^. 

Let n > be a given integer and suppose by induction that (V n ,V n ) is 
already defined. As the forward orbit of each c G ^ accumulates on cq 
there is an integer m > 1 such that / m (c) G V^. Let m n (c) be the least such 
integer and let V^+i (resp. V^ +1 ) be the pull-back of V n (resp. 14) by / m ™( c ) 
containing c. Clearly V£ +1 C V^ +1 and since (V n , V n ) is a nice couple for / 
relative to ^q, it follows that V^ +1 C V n and that 

K+i := |J K +1 and K+i := \J V° +l , 

form a nice couple for / relative to ^b'. 

2. Let n > 1 be given. Using the fact that (V n ,V n ) is a nice couple 
for / relative to ^q, it follows that if / does not have critical connections, 
then f m n( c )~^ [ s univalent on f(V£). If / does have critical connections, 
then f m ™\ c )- 1 might not be univalent on f(V£), but in this case y m «.( c )— * [ s 
unicritical on this set and its unique critical value is contained in ^q. I n a ^ 
cases it follows that / m ™( c ) does not have critical points in V£+i \ ^n+i an d 
the degree of f mn ^ c > on V n and the degree of / m ™' c ) on V n are the same. 
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3. Put rriQ = and for each j E {1, . . . , n} let Cj £ ^q an< ^ m j ^ 1 be 
such that f mj (V£°) = V n 3 _,. Furthermore, put do = 1 and for each j G 
{0, . . . , n - 1} denote by dj the degree of f m "~ m 3 ■ y^. _». t> c ". Then the 
degree of f m ^- m 3 ■ V^_- — > V Cn is equal to dj and for each j <E {0, . . . , n — 1} 
we have 

2dj < dj+\ < ima, x (f)dj. 

Thus 2 n < d n < £ ma , x (f) n and hence there is j € {0, ... , n} such that 

N < dn/dj < W(/)JV. 

Since / m «- m i : V^i • — >• Vq C ™ is of degree dj < £ m ax(fV an d does not have 
critical points in V n 3 _, \ V n 3 _ •, it follows that 

mod(y n %; V^.) = ciT 1 mod(i/ c "; y o c ") > 3m C(/)"- J . 

Let Fbea topological disk compactly contained in V n J _j, such that 



V^Lj C y,mod(V; c i j ;y) > m W/) n ~ J and mod(F; V^-) > m . 

By our choice of mo there is r E (0,r*) such that F n i • C B(cj,nr) and 
B(cj-,r) C V C p*^.. Let 5 (resp. U, U) be the pull-back of V (resp. 
B(cj,r), B(cj,Kr)) by / mj containing co- Since the degree of f mj : V£° — > 
Vn-j is l ess than or equal to £ m a,x(f) n ~ : ' , it follows that mod(V^°;B) > mo- 
By our choice of mo this implies diam(?7) < diam(S) < r*. Since V£° C 
U C U C V^° and since the degree of / m J : V£° — > V^i ■ is equal to <i„/dj 

and this map does not have critical points in V£° \ Vn\ the conclusion of 
the lemma holds for this choice of r and for c = Cj and m = rrij . □ 

Proof of Theorem 0] That the maximal entropy measure of a semi-hyperbolic 
rational map is doubling on the Julia set was shown by Haissinsky and Pil- 
grim in [HP06, Proposition 4.2.9]. 

To prove the converse statement, let / be a complex rational map of degree 
at least two, whose maximal entropy measure pj is doubling on </(/), with 
constants r* > and C* > 0. By |Yin99t Theorem 1.1], to prove that / is 
semi-hyperbolic we just need to show that / has neither parabolic periodic 
points nor recurrent critical points in the Julia set. In view of Lemma [Hand 
Theorem |Bl / satisfies the TCE condition. In particular, / does not have 
parabolic periodic points. So we just need to show that / does not have 
recurrent critical points in the Julia set. 

Suppose by contradiction that / has a recurrent critical point cq in the 
Julia set. Since the Julia set </(/) is uniformly perfect |Hin93t [MdR92| . it 
follows that the measure pj satisfies the hypothesis of Lemma El Let rji > 1 
and r\ > be given by part 2 of Lemma [21 Let M > and 5 > be the 
constants given by Lemma El 
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Since C is endowed with the spherical metric, for small r' > r > and 
x € C the modulus of the annulus B(x, r') \ B{x, r) is equal to ln(r'/r) plus 
an error term that goes to zero as r' — >■ 0. So, reducing r* > if necessary, 
we assume that r* < 5 and that for each r € (0, r«], f £ (0, 1) and x E C we 
have 

1 
< — . 

~ 10 



(1) mod f B(x,r) \ B(x,er) J + In e 

Let k, £, N > be integers such that 2 k >M,2 e > C* and 

2 N I 2 <r ] [<2^ N+l ^ 2 . 

Taking r]\ larger if necessary we assume N >2. 

Since / satisfies the TCE condition, by [PRL07, Proposition 4.2] / has 
arbitrarily small nice couples of arbitrarily large modulus. So / satisfies the 
hypothesis of Lemma Let U, U, A, m, r, c be given by Lemma for iV 
and Co as above and with 

n = 8 and k = ^Ci+wfflW 

Put vq := nr. By definition A = U \U and U (resp. U) is the connected 
component of f~ m (B(c,r)) (resp. f~ m (B(c,ro))) containing cq. 

1. Since the degree of f m on U and the degree of f m on U are the same, 
there is a unique connected component of 

f- m (b U^ +U ^ m rX\ and of f~ m (b Lrfi^K Q 

contained in U. We will denote it by B and B, respectively. It follows that 
the degree of f m on each of the sets U, U, B, B is the same. Thus, by Fact [2] 
we have 

Pf(B) = P f (f m (B)) 
p f (B) Pf (f m (B)Y 

Using part 2 of Lemma [2] inductively we obtain, 

(2) Pf (f m (B)) = Pf (b (c, v { 1+5e ^ f ^ro 

> 2 e Pf (b UvF^'roY) = 2 £ p f (f m (B)) > Ct Pf {f m {B)). 

2. Let ipo be a Moebius transformation such that (po(0) = c and 

M{z € C : \z\ < 1}) = B (c,r,l e ™ (f)t r 
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Using the inequalities r?fexp(l/10) < 2 (N+1 '>/ 2 exp(l/10) < 2 N we obtain 
using (P) 

B r c ,7 ? i 1+5W(/)) V ') C m ({* G C : \z\ < ^exp(l/10)}) 

C^o({zeC: \z\ <2 N }). 

On the other hand, using the inequalities rjf > 2 ' 2 and n l max " ' > exp(l/10) 
we obtain using dH) 

B(c,ro) C (po ( \z 6 C: \z\ < r ?1 ' 5£max(/K exp(l/10) 



Cifo({zeC: \z\ < 2- JVZ =- W) 
and 

B(c,r) ^o((^C: |*| < 7? [ 1 + 5 ^-^) f exp(-l/10) j") 

D^o ({z € C : |z| < 4 W — W}). 

We have shown that / m (B \ J3) C </>o(^(l, 2*)) and that 

V9 f A f2- w ^( / ',4 w -( / ')) C B(c, r) \ B(c,r ) = f m {A). 



Since the degree of f m : A — > B(c,r) \ B{c,r$) is at least N and at 
most ^max(/)^V, we conclude that there is a univalent map p : A(l, 8) — > A 
such that B\B C <p(A(2, 4)). So there is r' > such that 

B{c ,r') CB CB C B(c ,Mr') C B{c ,2 k r'). 

Using ([2]) we obtain 

Pf(B(c ,r')) < Pf (B) < C: k p f (B) < C- k Pf (B(c ,2 k r')). 

This contradicts the doubling property of pf on J(f) and completes the 
proof of the theorem. □ 

5. John domains as Fatou components 

This section is devoted to the proof of Theorem [Cj We also prove Fact Q] 
at the end of this section. 

We start by recalling the definition of John domain. An open and con- 
nected subset D of the Riemann sphere C is a John domain, if there is zq € D 
and a constant C > such that the following property holds: for each z £ 
dD there is a path 7 in C joining zq and z, such that 7 \ {z} C D and such 
that for each w € 7 we have 

dist(w,dD) > Cdist(w,z). 



14 J. RIVERA-LETELIER 

We will say that a subset J of C is porous at a point x in J, if there 
is £ £ (0,1) such that for each small r > there is y £ B(x,r) such 
that U(y, £r) n J = 0. Note that if D is a John domain, then the set dD is 
porous at each of its points. 

Lemma 6. Let f be a rational map of degree at least two having arbitrarily 
small nice couples of arbitrarily large modulus. Then for each recurrent 
critical point cq in J(f), the Julia set J(f) is not porous at c$. 

In the proof of this lemma we use Lemma [5j This last result implies 
that for each N > 1 there are integers M £ {N, . . . , N£ max (f)} and m > 1 
such that f m is in local coordinates close to the map z h-> z m on a small 
think annulus around cq. The fact that </(/) is uniformly perfect allows us 
estimate the "non-porosity" of </(/) at cq on this thick annulus. Taking N 
arbitrarily large will allow us to conclude that J(f) is not porous at cq. 

We will introduce some notation to prove Lemma [6j For r £ C we denote 
by T T : C — > C the translation T T {z) = z + r and for A £ C \ {0} the 
homothecy M\(z) = Xz. For s, s' £ R with s < s' we put 

S(s,s') :={zeC:s<3(z) < s'}. 

Recall that C is endowed with the spherical metric. We identify C with CU 
{oo}. For a point xGCwe denote by x £ C the antipodal point of x and 
we let ip x be an isometry of C mapping Otoi. Furthermore we put 

E X :C -> C \ {x, x} 

z t-> Vx(exp(— 27T42;)). 
It is a 1-periodic covering map. 

Proof of Lemma We will show that for each so £ M, /io > and eo > 0, 
there is s < so such that E~^{J{f)) is eo-dense in the strip S(s — ho,s). 
This clearly implies that </(/) is not porous at cq. 

Let /iq > be a sufficiently large constant such that for every univalent 
map yp : S(0, h' ) —> C that commutes with the translation T\, there is 
s £ R such that the image of <p contains the strip S(s — ho, s), see [McM94[ 
Proposition 2.1]. Taking h' Q > larger if necessary we assume h' Q > eo- It 
follows from Koebe distortion theorem that there is a constant D > 1 such 
that for each h > e$ and each univalent map yp : S(—2h, 3/i) — >■ C that 
commutes with T\ the distortion of <p on S(—h, 2h) is bounded by i>. 

Since the Julia set J(f) is uniformly perfect [Hin93l [MdR92] . it follows 
that there are constants s± £ R and hi > such that for each m £ J(/) 
and s < si, the set E~ 1 (J(f)) intersects the strip S(s,s + hi). Since the 
set E~ 1 (J(f)) is 1-periodic, it follows that the set E~ 1 (J(f)) is (/ii+l)-dense 
in {z £ C : 9(z) < si}. Decreasing sq if necessary we assume so < si- 

Let N > Eq D(hi+1) be an integer, put /12 := 5iVi' max (/)/i and let r* > 
and k £ (0, 1) be sufficiently small so that for each r £ (0, r*) and a? £ J(/) 
the set E~ 1 (B(x,r)) is contained in {z £ C : ^s(z) < so} and there is s < sq 
such that the set E~ 1 (B(x, r) \ B(x, nr)) contains the strip S(s — h%, s). 
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Let m, c, r and A be given by Lemma [5] for the choices of N, r* and k 
as above, and let d be the degree of f m : A — > B(c,r) \ B(c,nr). We 

have N < d < i^ x (f) N - Let s < s be such that E~ 1 (B(c,r) \B(c,nr)) 
contains the strip S(s — h 2 ,s). If we denote by A' the pull-back of the 
annulus Aq := E c (S(s — h 2 , s)) by f m contained in A and put A' := E~^(A'), 
then 

f m o E CQ : A' -> A and E c : S(s - h 2 , s) -> A , 

are both universal covering maps. Thus there is a biholomorphic map 

(p : S (s — /12, s) -> A', 
satisfying f m o i^ co oip = E c and therefore £> o T^ = Ti o tp. In particular, the 
map <p : S ( ^- a , f ) — >■ A' defined by £? := ^ o M& commutes with T\. 

Since d < Nl max (f) : we have hijd > 5/ig- So, if we put s' = s/d — 3/ig, 
then 5(s' — 2h' , s + 3h' ) C S ( s ~^ 2 , | J and therefore the distortion of <p on 

the strip S(s' — h' ,s' + 2h' ) is bounded by D. By our choice of h' there 
is s" S E such that the set <p(S(s', s' + h' Q )) contains the strip S(s" — ho, s"). 
Since 

E C0 (p(S(s' - ti , s' + 2ti ))) cAc B(cq, r*), 

by our choice of r* we have s" < So- On the other hand, since the set E~^ (J(f)) 
is (hi + l)-dense in S(s — h 2 , s) and (hi + l)/d < EqD~ 1 < £q < h' , it follows 
that the set 

M- 1 (E- 1 (J(f))nS(s-h 2 ,s)), 

is (eo-D _1 )-dense in the strip S(s', s' + h' ). Thus the set 

poM d l (E- l (J(f)) n S(s - h 2 , a))) C E~ \j(f)), 

is eo-dense in lp(S(s', s' + /ig)) and hence in S(s" — ho, s"). This completes 
the proof of the lemma. □ 

Proof of Theorem [0 If / semi- hyperbolic, then by |Mih08l Theorem 1] the 
attracting basin A is a John domain, see also |Yin99t Theorem 1.2] for 
the case of connected Julia sets. Suppose now that A is a John domain. 
By [Yin99l Theorem 1.1], to show that / is semi- hyperbolic it is enough 
to show that / has neither parabolic periodic points nor recurrent critical 
points in its Julia set. Since A is a John domain, the set J(f) = dA is porous 
at each of its points. On the other hand, A is a Holder domain, see for ex- 
ample |Pom921 §5.2]. So, combining [GS981 Theorem 1, (iii)] and [PRLS031 
Main Theorem], we obtain that / satisfies the TCE condition. Therefore / 
does not have parabolic periodic points and by [P RL07t Proposition 4.2] 
it satisfies the hypothesis of Lemma El Since </(/) is porous at each of 
its points, Lemma [6] implies that / does not have recurrent critical points 
in </(/). This shows that / is semi-hyperbolic and completes the proof of 
the theorem. □ 
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Proof of FactUl We will use that the Julia set of N is connected, see for 
example [Tan97, Proposition 2.6]. 

The rational map N has four critical points, three of which are fixed. 
Denote the corresponding immediate attracting basins by Bq, B\ and B<i- If 
there is another attracting cycle, then N is hyperbolic and the result is well 
known. We thus assume that there is no other attracting cycle besides the 
three fixed critical points. Since by hypothesis N has no parabolic periodic 
point or Siegel disks it follows that every point in the Fatou set is eventually 
mapped into Bq U B\ U B^ under forward iteration. So we just need to show 
that for each i € {0,1,2} the Fatou components of N that are eventually 
mapped to Bi are quasi-disks with a uniform constant. 

Let P the closure of the forward orbit of the fourth critical point. Since N 
is twice renormalizable, for each i € {0, 1,2} the boundary of B{ is disjoint 
from P, see the proof of [Roc08, Proposition 8.3, 4)]. Since the Julia set 
of N is connected, it follows that Bi is a quasi-disk. Fix a simply-connected 
neighborhood Vi of Bi that is disjoint from P. Let U be a Fatou component 
of N different from Bi that is eventually mapped to Bi and denote by n > 1 
the least integer such that f n (U) = Bi. Then f n maps a neighborhood 
of U univalently onto Vi and Koebe distortion theorem implies that U is a 
quasi-disk whose constant depends on Bi and Ui only. □ 
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